The Entropy of Ricci Flows with Type-I Scalar Curvature Bounds by Hallgren, Max
ar
X
iv
:2
00
7.
10
37
6v
1 
 [m
ath
.D
G]
  2
0 J
ul 
20
20
THE ENTROPY OF RICCI FLOWS WITH TYPE-I SCALAR
CURVATURE BOUNDS
MAX HALLGREN
Abstract. In this paper, we extend the theory of Ricci flows satisfying a
Type-I scalar curvature condition at a finite-time singularity. In [1], Bamler
showed that a Type-I rescaling procedure will produce a singular shrinking
gradient Ricci soliton with singularities of codimension 4. We prove that the
entropy of a conjugate heat kernel based at the singular time converges to the
soliton entropy of the singular soliton, and use this to characterize the singular
set of the Ricci flow solution in terms of a heat kernel density function. This
shows that the Type-I condition on the full curvature tensor in [20] can be
relaxed to a Type-I scalar curvature condition. We also show that in dimension
4, the singular Ricci soliton is smooth away from finitely many points, which
are conical smooth orbifold singularities.
1. Introduction
This paper is concerned with the finite-time singularities of solutions (Mn, (gt)t∈[0,T ))
to the Ricci flow
∂
∂t
gt = −2Rc(gt)
on a closed manifold which satisfy the Type-I scalar curvature condition
(1.1) lim sup
t→T
max
M
R(·, t)(T − t) <∞,
where T < ∞ is the maximal existence time. In particular, we generalize some of
the theory of Ricci flow solutions which satisfy the more stringent Type-I curvature
assumption
(1.2) lim sup
t→T
max
M
|Rm|(·, t)(T − t) <∞.
Ricci flow solutions satisfying (1.2) have been studied in [15, 20, 21], where it was
shown that, for any fixed q ∈ M and sequence of times ti ր T , a subsequence
of (Mn, (T − ti)−1gti , q) converges in the pointed Cheeger-Gromov sense to a com-
plete Riemannian manifold (M∞, g∞, q∞) equipped with a function f∞ ∈ C∞(M∞)
which satisfies the shrinking gradient Ricci soliton (GRS) equation
Rc(g∞) +∇2f∞ = 1
2
g∞.
While it is unknown whether this limiting soliton is uniquely determined by the
basepoint q, in [20] it is shown that all such solitons share a numerical invariant,
called the shrinker entropy W(g∞, f∞), (see section 4), which is determined by q.
They also show that W(g∞, f∞) = 0 if and only if (M∞, g∞, f∞) is the Gaussian
shrinking soliton on flat Euclidean space.
While interesting questions about solutions satisfying (1.2) condition remain
open, this condition is often too restrictive for useful applications of Ricci flow to
1
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geometry and topology. Condition (1.1), on the other hand, is satisfied by Ka¨hler-
Ricci flow on a Fano manifold with initial metric in the canonical Ka¨hler class
by the work of Perelman (see [24]), and is conjectured to be satisfied for a much
larger class (or all) of Ka¨hler-Ricci flow solutions (Conjecture 7.7 of [25]). One
of the main technical difficulties that arises when studying Ricci flows satisfying
(1.1) is that one cannot expect Type-I dilations to result in a smooth limiting
space. In fact, most results about Ricci flows satisfying (1.2), including [8, 15,
21, 20], depend crucially on applying the Cheeger-Gromov compactness theorems
to rescaled solutions. However, in [3],[1], Bamler develops an extensive theory for
taking weak limits of Ricci flows with uniformly bounded scalar curvature, modeled
on the Cheeger-Colding-Naber-Tian theory of noncollapsed Riemannian manifolds
with Ricci curvature bounded below. In particular, Theorem 1.2 of [1] shows that
any solution of Ricci flow satisfying (1.1) has a dilation limit which is a singular
space (see section 2), and which possesses the structure of a smooth but incomplete
shrinking Ricci soliton outside of a subset of Minkowski codimension 4.
The main goal of this paper is to extend Bamler’s analysis of the singular limits
of dilated Ricci flows satisfying (1.1), and to relate some of their properties to the
original Ricci flow. The first main theorem generalizes the aforementioned results
in [20].
Theorem 1. Suppose (Mn, (gt)t∈[0,T ), q) is a closed, pointed solution of Ricci flow
satisfying (1.1), and let (X , q∞) = (X, d,R, g∞) be a singular gradient Ricci soliton
as in Theorem 1.2 of [1], obtained as a limit of the rescaled sequence (Mn, (T −
ti)
−1gti , q), where ti ր T . If f∞ ∈ C∞(R) is the soliton potential function, then
Θ(q) = W(g∞, f∞) (see section 3), and Θ(q) = 0 if and only if (R, g∞, f∞) is the
Gaussian shrinker on flat Rn, in which case there is a neighborhood U of q in M
such that supU×[−2,0) |Rm| <∞.
In particular, all singular shrinking GRS which arise as Type-I dilation limits at
a fixed point in M possess the same shrinker entropy. We recall the definition of
the singular set of (M, (gt)t∈[0,T )), defined in [15] as
Σ :=
{
x ∈M ; sup
U×[0,T )
|Rm| =∞ for every neighborhood U of q in M
}
.
In the general Riemannian case, little is known about the regularity or structure of
Σ. In the case where (M, g0) is Ka¨hler, it is known that Σ is actually an analytic
subvariety of M , even without the Type-I assumption. With a Type-I curvature
assumption, it was shown in [20] that Σ is characterized by the density function:
Σ = Θ−1(0). We are able to generalize this result to the case of Type-I scalar
curvature bounds.
Corollary 2. Suppose (Mn, (gt)t∈[0,T ), q) is a closed, pointed solution of Ricci flow
satisfying (1.1). Then Σ = Θ−1(0).
Finally, in dimension 4, we extend Bamler’s results on the structure of singular
shrinking GRS by giving a more precise description of the singular part of the
shrinking soliton.
Theorem 3. Assume the same conditions as Theorem 1, as well as n = 4. Then
X\R consists of finitely many points, and X has the structure of a C∞ Riemannian
orbifold.
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In particular, if X = (X, d,R, g) is the singular space in Theorem 3, then there
exists f ∈ C∞(R) such that (R, g, f) is an incomplete but smooth shrinking GRS,
and each x ∈ X \ R admits a finite group Γx ⊆ R4 acting linearly, and a homeo-
morphism ϕx : R
4/Γx → BX(x, 1) such that, if πx : R4 → R4/Γx is the quotient
map, then ϕx ◦πx is a smooth map on R4 \{0}, and (ϕx ◦πx)∗g, (ϕx ◦πx)∗f extend
smoothly to a Riemannian metric, function on R4 satisfying the shrinking GRS
equation everywhere.
Theorem 3 was proved in the Ka¨hler setting in [10], where it was essential that
the L2 norm of the curvature tensor is uniformly bounded along the flow. This fails
in the general Riemannian setting (even if we assume (1.2)), so our proof must rely
on some significantly different techniques.
In section 2, we collect definitions and results related to Ricci flows satisfying
certain scalar curvature bounds. In section 3, we establish Gaussian-type estimates
for conjugate heat kernels based at the singular time, largely along the lines of
Bamler and Zhang’s heat kernel estimates. In section 4, we define shrinker entropy,
and prove an important integration-by-parts lemma for singular shrinking GRS. In
section 5, we prove the convergence of entropy and the heat kernel measure. In
section 6, we show that the shrinker entropy of a normalized singular GRS only
depends on the underlying manifold, and use this to complete the proof of Theorem
1 and Corollary 2. Finally, in section 7, we specialize to the case of dimension 4,
and prove Theorem 3.
2. Preliminaries and Notation
Given a solution (Mn, (gt)t∈[0,T )) of Ricci flow, we let dt : M ×M → [0,∞) be
the length metric induced by gt, and define
B(x, t, r) := Bgt(x, r) := {y ∈M ; dt(x, y) < r},
Q+(x, t, r) := {(y, s) ∈M × [t, t+ r2]; ds(y, x) < r},
rgRm(x, t) := rRm(x, t) := sup{r > 0; |Rm| ≤ r−2 on B(x, t, r)}.
for all (x, t) ∈M×[0, T ) and r > 0. For measurable S ⊆M , we set |S|t := Volgt(S).
We denote the Lebesgue measure on a Riemannian manifold (M, g) as dg. If we
consider a rescaled flow, for example g˜t = λgλ−1t, we let d˜t be the length metric
induced by g˜t, B˜(x, t, r) := Bg˜t(x, r) the corresponding geodesic ball, and so on. If
(X, d) is a metric space, we also set
BX(x, r) := {y ∈ X ; d(x, y) < r}.
If in addition diam(X) ≤ π, then we denote by (C(X), dC(X), c0) the corresponding
metric cone, with vertex c0.
We recall Perelman’s W functional, defined by
W(g, f, τ) =(4πτ)− n2
∫
M
(τ(R + |∇f |2) + f − n)e−fdg
for any Riemannian metric g on M , and any f ∈ C∞(M),τ > 0. For any compact
Riemannian manifold, Perelman’s invariants
µ[g, τ ] := inf
{
W(g, f, τ); f ∈ C∞(M) and
∫
M
(4πτ)−
n
2 e−fdg = 1
}
,
ν[g, τ ] := inf
s∈[0,τ ]
µ[g, s].
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Note that this definition of ν is not completely standard.
We now define the class of weak limit spaces we will be considering, following
the definitions in [3], [1].
Definition 4. A singular space is a tuple X = (X, d,R, g), where (X, d) is a
complete, locally compact metric length space, and (R, g) is a C∞ Riemannian
manifold satisfying the following:
(i) d|(R×R) is the length metric of (R, g).
(ii) R is an open, dense subset of X .
(iii) for any compact subset K ⊆ X and D ∈ (0,∞), there exists κ = κ(K,D) > 0
such that, for all x ∈ K and r ∈ (0, D), we have
κrn ≤ |BX(x, r) ∩R| ≤ κ−1rn.
X is said to have singularities of codimension p0 > 0 if, for all p ∈ (0, p0), x ∈ X
and r0 > 0, there exists Ep,x,r <∞ such that
|{rRm < rs} ∩BX(x, r) ∩R| ≤ Ep,x,rrnsp
for all r ∈ (0, r0), s ∈ (0, 1). X is said to have mild singularities if, for any p ∈ R,
there exists a closed subset Qp ⊆ R of measure zero such that, for any x ∈ Qp,
there exists a minimizing geodesic from p to x lying entirely in R. X is Y -regular
at scale a if, for any x ∈ X and r ∈ (0, a) satisfying |B(x, r) ∩R| > (ωn − Y −1)rn,
we have rRm(x) > Y
−1r.
Definition 5. If (Mi, gi, qi) is a sequence of complete, pointed Riemannian man-
ifolds and (X , q∞) = (X, d,R, g, q∞) is a pointed singular space, a convergence
scheme (Ui, Vi, φi) for the convergence (Mi, gi, qi)→ (X , q∞) consists of open sub-
sets Vi ⊆ Mi, Ui ⊆ R, and diffeomorphisms φi : Ui → Vi such that the following
hold:
(i) (Ui) is an increasing sequence with
⋃
i Ui = R,
(ii) φ∗i gi → g in C∞loc(R),
(iii) there exist q′i ∈ Ui with q′i → q∞ and dMi(qi, φi(q′i))→ 0,
(iv) for any D <∞ and ǫ > 0, there exists i0 = i0(D, ǫ) ∈ N such that for all i ≥ i0
and x1, x2 ∈ BX(q∞, D) ∩ Ui, we have
|dX(x1, x2)− dMi(φi(x1), φi(x2))| < ǫ,
and such that, for any y ∈ BMi(qi, D), there exists x ∈ Ui such that dMi(φi(x), y) <
ǫ.
Note that conditions (iii),(iv) imply that φi are Gromov-Hausdorff approxima-
tions. If a convergence scheme exists, we say that (Mi, gi, qi) converges to (X , q∞).
We will commonly rely on the the main theorem of Bamler in [1], which es-
tablishes weak uniqueness properties and integral curvature bounds for Ricci flows
with bounded scalar curvature.
Theorem 6. (Theorems 1.4, 1.7 in [1]) Suppose (Mni , (g
i
t)t∈[−2,0], qi) is a sequence
of closed solutions of Ricci flow satisfying the following:
i. ν[gi−2, 4] ≥ −A,
ii. |Rgi | ≤ ρi ≤ A on Mi × [−2, 0],
where A <∞. Then some subsequence of (Mi, gi0, xi) converges to a pointed singu-
lar space (X , q∞) with singularities of codimension 4, which is Y -regular at the scale
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1, where Y = Y (n,A) < ∞. Also, for any ǫ > 0, there exists C = C(A, ǫ, n) < ∞
such that ∫
B(x,t,r)
(rRm(·, t))−4+2ǫdgit < Crn−4+2ǫ.
for any r ∈ (0, 1]. If in addition ρi → 0, then X is Ricci flat and has mild singu-
larities.
The following estimate is a consequence of Perelman’s no-local-collapsing theorem
[22], Qi Zhang’s non-inflating theorem (Theorem 1.1 of [30]), and a basic covering
argument (Lemma 2.1 of [2]).
Proposition 7. For any A < ∞, there exists C = C(A) < ∞ such that, for any
closed solution (Mn, (gt)t∈[−2,0)) of Ricci flow satisfying:
(i) ν[g−2, 4] ≥ −A,
(ii) |R| ≤ A on M × [−2, 0) ,
and for any (x, t) ∈M × [−1, 0], r > 0, we have
C−1(min{1, r})n ≤ |B(x, t, r)|t ≤ CrneCr.
If instead of (ii) we have |R| ≤ A|t|−1 on M for all t ∈ [−2, 0), then
|B(x, t, r)|t ≤ Crn
for all r ∈ (0, 1].
Let (Mn, (gt)t∈[−2,0)) be a closed solution of Ricci flow. Standard theory (see, for
example, chapter 24, section 2 of [12]) guarantees that, for any (x, t) ∈M×(−2, 0),
there exists a unique fundamental solution K(x, t; ·, ·) :M × [−2, t)→ (0,∞) of the
conjugate heat equation based at (x, t). That is, K(x, t; ·, ·) is the unique smooth
function on M × [−2, t) such that
(−∂s −∆gs +Rgs)K(x, t; ·, ·) = 0 on M × [−2, t),∫
M
K(x, t; y, s)f(y)dgs(y)→ f(x) as sր t
for any continuous f :M → R. Moreover, K is smooth on its domain, and if (y, s)
are fixed, then K(·, ·; y, s) is the fundamental solution of the heat equation:
(∂t −∆gt)K(x, t; y, s) = 0 on (y, s)M × (t, 0),∫
M
K(x, t; y, s)f(x)dgt(x)→ f(y) as tց s.
Given (q, t) ∈ M × (−2, 0), let uq,t : M × [−2, t) → (0,∞) be the conjugate heat
kernel based at (q, t), and write uq,t(y, s) = (4π(t − s))−n2 e−fq,t(y,s). The corre-
sponding pointed entropy is defined to be Wq,t(τ) :=W(gt−τ , fq,t(t− τ), τ). Note
that, if (Mn, gt) = (R
n, geuc) is the static, flat Euclidean space, then ux,t(y, s) =
(4π(t − s))− n2 e− |x−y|
2
4(t−s) , and Wx,t(τ) = 0 for all τ > 0. Perelman’s differential
Harnack inequality guarantees that Wx,t(τ) ≤ 0 in general, and the following
ǫ-regularity theorem demonstrates that, wherever the pointed entropy is almost-
Euclidean, the space-time geometry nearby is almost-Euclidean as well.
Theorem 8. (Theorem 1.16 of [18]) For any A <∞, there exists ǫ = ǫ(n,A) > 0
such that the following holds. Let (Mn, (gt)t∈[−2,0)) be a closed Ricci flow satisfying
ν[g−2, 4] ≥ −A and |R|(·, t) ≤ A|t|−1 on M for all t ∈ [−2, 0). If (q, t) ∈M×[−1, 0)
satisfies Wq,t(τ) ≥ −ǫ, then (rRm(q, t))2 ≥ ǫτ .
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3. Estimates for Conjugate Heat Kernels Based at the Singular Time
The following lemma is mostly a modification of the proof of Theorem 1.2 in [1],
but a proof is given below for completeness.
Lemma 9. For any A < ∞, there exists C∗ = C∗(A, n) < ∞ such that the
following holds. Let (Mn, (gt)t∈[−2,0)) is a closed solution of Ricci flow satisfying
ν[g−2, 4] ≥ −A and |R|(x, t) ≤ A|t|−1 for all t ∈ [−2, 0). Then, for any x, y ∈ M
and − 12 ≤ s < t < 0, we have
1
C∗(t− s)n2 exp
(
−C
∗d2s(x, y)
t− s
)
≤ K(x, t; y, s) ≤ C
∗
(t− s)n2 exp
(
− d
2
s(x, y)
C∗(t− s)
)
.
Proof. First note the reduced distance bound
ℓ(x,t)(x, s) ≤ 1
2
√
t− s
∫ t−s
0
√
τ
A
|t|+ τ dτ ≤
1
2
√
t− s
∫ t−s
0
A√
τ
dτ = A,
so by Perelman’s differential Harnack inequality, K(x, t;x, s) ≥ (4π(t − s))−n2 e−A
for all x ∈M and −2 ≤ s < t < 0.
Claim: There exists C′ = C′(A, n) <∞ such that, for − 12 ≤ s < 0 and t ∈ (s, 12s],
x, y ∈M , we have
1
C′(t− s)n2 exp
(
−C
′d2τ (x, y)
t− s
)
≤ K(x, t; y, s) ≤ C
′
(t− s)n2 exp
(
− d
2
τ (x, y)
C′(t− s)
)
,
where τ ∈ {s, t}.
This will just follow from an appropriate rescaling and the corresponding Gaussian
bounds for Ricci flow with bounded scalar curvature. In fact, consider the rescaled
flow g˜r := |t|−1gt+|t|r, r ∈ [−|t|−1(2 + t), 0]. Then |R˜| ≤ A on M × [−2, 0], and
ν[g˜−2, 4] = ν[g3t, 4|t|] ≥ ν[g−2, 4|t|+ (2− 3|t|)] ≥ ν[g−2, 2 + |t|] ≥ −A,
so the Bamler-Zhang heat kernel estimates [4] give C′ = C′(A, n) < ∞ such that
for all x, y ∈M and r ∈ [−1, 0) we have
1
C′|r|n2 exp
(
−C
′d˜2τ (x, y)
|r|
)
≤ K˜(x, 0; y, r) ≤ C
′
|r|n2 exp
(
− d˜
2
τ (x, y)
C′|r|
)
,
where τ ∈ {0, r}. Also, we know the behavior of the heat kernel under rescaling:
K˜(x, 0; y, r) = |t|n2 K(x, t; y, t+|t|r), so taking r := −|t|−1(t−s) givesK(x, t; y, s) =
|t|−n2 K˜(x, 0; y,−|t|−1(t−s)). Note that |t|−1(t−s) ≤ (|s|/2)−1·(s/2−s) = 1 because
t ∈ (s, s/2], so the claim follows. 
Now consider the case where s/2 < t < 0. A special case of the reproduction
formula for the heat kernel is
K(x, t; y, s) =
∫
M
K(x, t; z,
1
2
(t+ s))K(z,
1
2
(t+ s); y, s)dg 1
2 (t+s)
(z)
for all x, y ∈M and −2 ≤ s < 0 and t ∈ (s/2, 0). Also, the above claim implies
K(z,
1
2
(t+ s); y, s) ≤ 2
n
2 C′
(t− s)n2 ,
THE ENTROPY OF RICCI FLOWS WITH TYPE-I SCALAR CURVATURE BOUNDS 7
so combining this with the reproduction formula gives
K(x, t; y, s) ≤ 2
n
2 C′
(t− s)n2
∫
M
K(x, t; z,
1
2
(t+ s))dg 1
2 (t+s)
(z) =
2
n
2 C′
(t− s)n2 .
Set c0 := (4π)
−n2 e−A, so that the above claim gives D = D(A, n) < ∞ such that,
for any x, y ∈M with d 1
2 (t+s)
(x, y) ≥ D√t− s, we have
K(x,
1
2
(t+ s); y, s) ≤ c0
2
(t− s)n2 .
Thus, for any x ∈M , we have
c0
(t− s)n2 ≤ K(x, t;x, s) =
∫
M
K(x, t; y,
1
2
(t+ s))K(y,
1
2
(t+ s);x, s)dg 1
2 (t+s)
(y)
≤ 2
n
2 C′
(t− s)n2
∫
B(x, 12 (t+s),D
√
t−s)
K(x, t; y,
1
2
(t+ s))dg 1
2 (t+s)
(y) +
c0
2(t− s)n2 ,
hence for any x ∈M ,∫
B(x, 12 (t+s),D
√
t−s)
K(x, t; y,
1
2
(t+ s))dg 1
2 (t+s)
(y) ≥ c02−
(n+2)
2 (C′)−1 =: c′0.
For any x, y ∈M , we conclude that
K(x, t; y, s) ≥
∫
B(x, 12 (t+s),D
√
t−s)
K(x, t; z,
1
2
(t+ s))K(z,
1
2
(t+ s); y, s)dg 1
2 (t+s)
(z)
≥
∫
B(x, 12 (t+s),D
√
t−s)
K(x, t; z,
1
2
(t+ s))
× 1
C′(t− s)n2 exp
(
− C
′
t− s (ds(x, y) +D
√
t− s)2
)
dg 1
2 (t+s)
≥ c
′
0
C′(t− s)n2 e
−2C′D2 exp
(
−2C
′d2s(x, y)
t− s
)
.
That is, there exists C∗(A, n) < 0 such that, for all x, y ∈M and − 12 ≤ s < t < 0,
we have
K(x, t; y, s) ≥ 1
C∗(t− s)n2 exp
(
−C
∗d2s(x, y)
t− s
)
.
In particular, for any r ∈ [s, 12 (s+ t)], we have∫
B(x,r,
√
t−r)
K(x, t; y, r)dgr(y) ≥ e
−C∗
C∗(t− s)n2 |B(x, r,
√
t− r)|r.
Now consider the rescaled flow ĝr := (t− s)−1g(t−s)r+ 12 (s+t), which satisfies
|R̂| ≤ 2A|s+ t| (t− s) ≤ 2A
for r ∈ [−2, 0], and
ν[ĝ−2, 4] = ν[g 1
2 (s+t)−2(t−s), 4(t−s)] ≥ ν[g−2, 4(t−s)+
1
2
(s+t)−2(t−s)+2] ≥ ν[g−2, 4]
since − 12 ≤ s ≤ t < 0.
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We can therefore apply the short-time distortion estimate (Theorem 1.1 in [4]
iterated N(A, n) many times with r0 =
1
2 ) to find B = B(A, n) < ∞ such that if
y, z ∈M satisfy d̂− 12 (y, z) ≥ B, then
B−1d̂l1(y, z) ≤ d̂l2(y, z) ≤ Bd̂l1(y, z) for all l1, l2 ∈ [−
1
2
, 0].
Note that we could have also used Theorem 1.1 in [2].
Case 1: For any y ∈M with ds(x, y) ≥ 4B
√
t− s, we have d̂r(x, y) ≥ B−1d̂− 12 (x, y)
for all r ∈ [− 12 , 0], hence dr(x, y) ≥ B−1ds(x, y) for all r ∈ [s, 12 (t + s)]. Thus the
Hein-Naber concentration inequality (Theorem 1.30 of [18]) gives(∫
B(x,r,
√
t−r)
K(x, t; z, r)dgr(z)
)(∫
B(y,r,
√
t−r)
K(x, t; z, r)dgr(z)
)
≤ exp
(
− (dr(x, y)− 2
√
t− r)2
8(t− r)
)
≤ exp
(
− d
2
s(x, y)
32B2(t− s)
)
,
since
dr(x, y)− 2
√
t− r ≥ B−1ds(x, y)− 2
√
t− s ≥ 1
2B
ds(x, y)
and 18(t−r) ≥ 18(t−s) for r ∈ [s, 12 (t+ s)]. Also, no local collapsing gives
|B̂(y, r, 1√
2
)|g˜r ≥ b for all r ∈ [−
1
2
, 0],
where b = b(A) > 0. Thus, for any r ∈ [s, 12 (s+ t)], we have
|B(x, r,√t− r)|gr ≥ B(x, r,
√
1
2
(t− s))|gr
= (t− s)n2 |B̂(y, τ, 1√
2
)|g˜r
≥ b(t− s)n2 ,
where τ is defined by 12 (s + t) + (t − s)τ = r, so that τ ∈ [− 12 , 0]. Combining
estimates gives∫
B(y,r,
√
t−r)
K(x, t; z, r)dgr(z) ≤ C
∗eC
∗
(t− s)n2
|B(x, r,√t− r)|r
exp
(
− d
2
s(x, y)
32B2(t− s)
)
≤ b−1C∗eC∗ exp
(
− d
2
s(x, y)
32B2(t− s)
)
.
Now integrating from r = s to r = 12 (t+ s) gives∫
Q+(y,s,
√
1
2 (t−s))
K(x, t; z, r)dgrdr ≤ C(t− s) exp
(
− d
2
s(x, y)
C¯(t− s)
)
,
so we use the on-diagonal upper bound to conclude that∫
Q+(y,s,
√
1
2 (t−s))
K2(x, t; z, r)dgrdr ≤ C
(t− s)n2−1 exp
(
− d
2
s(x, y)
C(t− s)
)
.
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In terms of the rescaled flow, this is∫
Q̂+(y,− 12 , 1√2 )
K̂2(x, 1/2; z, r)dĝrdr ≤ C exp
(
− d
2
s(x, y)
C(t− s)
)
,
The Bamler-Zhang parabolic mean value inequality for solutions to the conjugate
heat equation (Lemma 4.2 in [4]) applied to the rescaled flow gives
K̂2(x,
1
2
; y,−1
2
) ≤ C′′
∫
Q̂+(y,− 12 , 1√2 )
K̂2(x,
1
2
; z, r)dĝrdr,
for some C′′ = C′′(A, n) <∞, so rescaling back gives
K2(x, t; y, s) ≤C′′(t− s)−n2−1
∫
Q+(y,s,
√
1
2 (t−s))
K2(x, t; y, u)dgrdr
≤C′′(t− s)−n exp
(
− d
2
s(x, y)
C(t− s)
)
.
Case 2: If instead ds(x, y) ≤ 4B
√
t− s, then
K(x, t; y, s) ≤ 2
n
2 C′
(t− s)n2 ≤
e2
n
2 C′
(t− s)n2 exp
(
− d
2
s(x, y)
16B2(t− s)
)
.

Throughout this section, let uq,t be the conjugate heat kernel based at (q, t), and
write uq,t(x, s) = (4π(t− s))− n2 e−fq,t(x,s).
Lemma 10. Let (Mn, (gt)t∈[−2,0), q) be a closed, pointed Ricci flow with ν[g−2, 4] ≥
−A and |R(x, t)| ≤ A|t|−1 for all (x, t) ∈ M × [−2, 0). Also suppose ti ր 0 and
qi → q in M . Then there is some subsequence of (uqi,ti)i∈N which converges in
C∞loc(M×(−1, 0)) to some uq,0 ∈ C∞(M×(−1, 0)) satisfying
∫
M
uq,0(x, t)dgt(x) = 1
for t ∈ (−1, 0), as well as the conjugate heat equation (−∂t −∆+ R)uq,0 = 0. In
addition, there exists C = C(A, n) <∞ such that
1
C|s|n2 exp
(
−Cd
2
s(y, q)
|s|
)
≤ uq,0(y, s) ≤ C|s|n2 exp
(
−d
2
s(y, q)
C|s|
)
for all (y, s) ∈M × (−1, 0).
Proof. For any closed solution of Ricci flow, uqi,ti must converge in C
∞
loc(M×[−2, 0))
to some uq,0 solving the conjugate heat equation on M × [−2, 0), as shown in [20].
Since M is closed,
∫
M
uq,0(x, t)dgt(x) = 1 is immediate, so it suffices to prove the
Gaussian bounds for any limit uq,0. Fix α ∈ (0, 1], and let i0 ∈ N be sufficiently
large so that ti − α ≥ 12α for all i ≥ i0. By the previously established heat kernel
bounds, there exists C∗ = C∗(A, n) < ∞ such that, for all (y, s) ∈ M × [−1,−α]
and i ≥ i0, we have
uqi,ti(y, s) ≥
1
C∗(ti − s)n2
exp
(
−2C
∗(d2s(qi, q) + d
2
s(q, y))
ti − s
)
≥ 1
C∗|s|n2 exp
(
−2C
∗d2s(qi, q)
1
2α
)
exp
(
−2C
∗d2s(q, y)
1
2 |s|
)
.
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Note that ds(qi, q) → 0 uniformly in s ∈ [−1,−α] as i → ∞, so for any (y, s) ∈
M × [−1,−α],
uq,0(y, s) = lim
i→∞
uqi,ti(y, s) ≥
1
C∗|s|n2 exp
(
−4C
∗d2s(q, y)
|s|
)
.
Similarly, for any (y, s) ∈M×[−1,−α] and i ≥ i0, we have (since (a−b)2+ ≥ 12a2−b2
for a, b > 0)
uqi,ti(y, s) ≤
C∗
(ti − s)n2
exp
(− 12d2s(q, y) + d2s(q, qi)
C∗(ti − s)
)
≤ 2
n
2 C∗
|s|n2 exp
(
d2s(q, qi)
1
2C
∗|s|
)
exp
(
−d
2
s(q, y)
2C∗|s|
)
,
so the claim follows as for the lower bound. 
Definition 11. Any limit uq,0 as in the statement of Lemma 10 is called a conjugate
heat kernel based at the singular time. The set of such functions uq,0 is denoted
Uq, as in [20].
Note that we are not able to establish the uniqueness of uq,0 given a point
q ∈M (in fact, this is not even known under assumption (1.2)), but the collection
of such functions satisfies strong compactness properties. By the uniform Gaussian
estimates and parabolic regularity on compact subsets of M × (−1, 0), Uq set is
compact in C∞loc. Let Fq be the set of fq,0 ∈ C∞(M × (−1, 0)), where uq,0(x, t) =
(4π|t|)−n2 e−fq,0(x,t). By the locally uniform bounds on uq ∈ Uq and their derivatives,
we observe that Fq is also compact in C∞loc. Thus Perelman’s differential Harnack
inequality passes to the limit to give
τ(R + 2∆fq − |∇fq|2) + fq − n ≤ 0 on M × (−1, 0)
for any fq ∈ Fq, where τ := |t|.
As in [20], define
θq(t) := inf
f∈Fq
W(gt, f(t), τ(t)).
Because Fq is compact in C∞loc, and because θq(t) ≥ µ[gt, τ(t)] > −∞, this infimum
is actually achieved at any t ∈ (−1, 0) by some ft ∈ Fq. Define f̂q(t) := ft(t) for
t ∈ (−1, 0) (there is no reason to expect this is even continuous in time, though
it can be taken to be measurable). For −1 < s < t < 0, Perelman’s entropy
monotonicity gives
θq(s) ≤ W(gs, ft(s), τ(s)) ≤ W(gt, ft(t), τ(t)) = θq(t),
so θq is nondecreasing. Also,
0 ≤ θq(t)− θq(s) ≤
∫ t
s
2|r|
∫
M
∣∣∣∣Rcgr +∇2fs(r) − gr2|r|
∣∣∣∣2 e−fs(r)(4π|r|)n2 dgrdr,
but the integrand is bounded on any compact subset ofM×(−1, 0), by the uniform
estimates for f ∈ Fq. Thus θq is locally Lipschitz. Moreover, θq(t) ≤ 0 for all
t ∈ (−1, 0) by Perelman’s Harnack inequality, so we can define the heat kernel
density function
Θ(q) := lim
tր0
θq(t).
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Fix a sequence ti ր 0, and consider the rescaled flows g˜it := |ti|−1gti+|ti|t,
t ∈ [−2, 0], and f˜i(t) := fti(ti + |ti|t). By the monotonicity of θq, we have
limi→∞(θq(ti)− θq(ti − ρ|ti|)) = 0 for any fixed ρ > 0. Since
0 ≤ W(g˜i0, f˜i(0), 1)−W(g˜i−ρ, f˜i(−ρ), τ(−ρ))
=W(gti , fti(ti), |ti|)−W(gti−ρ|ti|, fti(ti − ρ|ti|), |ti|+ ρ|ti|)
≤ θq(ti)− θq(t0 − ρ|ti|),
we may conclude that
0 = lim
i→∞
W(g˜i0, f˜i(0), 1)−W(g˜i−ρ, f˜i(−ρ), 1 + ρ)
(3.1)
= lim
i→∞
∫ 0
−ρ
2(1 + |t|)
∫
M
∣∣∣∣Rcg˜it +∇2f˜i(t)− g˜it2(1 + |t|)
∣∣∣∣2 e−g˜it(4π(1 + |t|))−n2 dg˜itdt.
(3.2)
By the argument of Theorem 1.2 of [1], we know that, after passing to a sub-
sequence, (M, g˜i0, q) converge to a singular shrinking GRS, and f˜i(0) converge to
the corresponding potential function. The only difference is that, in [1], the soliton
potential function is obtained from limiting a fixed conjugate heat kernel based
at the singular time, whereas we are obtaining a soliton potential function from
a sequence in Fq. The proof is almost exactly the same, since the estimates for
elements of Fq are uniform, but we rewrite the relevant parts of the argument in
[1] here for completeness.
By Bamler’s compactness theorem (Theorem 6), we can pass to a subsequence
so that (M, g˜i0, q) converge to a pointed singular space (X , q∞) = (X, d,R, g, q∞),
with associated convergence scheme (Ui, Vi,Φi). Let Φi : Ui → Vi be the associated
convergence scheme. For any x ∈ R, we have r := rXRm(x) > 0, so by Proposition
4.1 in [1], rg˜
i
Rm(Φi(x), 0) >
r
2 for sufficiently large i ∈ N. Because |Rg˜i0 | ≤ A and
ν[g˜i−2, 4] ≥ −A, backwards pseudolocality (Theorem 1.5 in [4]) gives α = c(n,A) >
0 such that rRm(y, s) > αr for all (y, s) ∈ Bg˜i(φi(x), 0, αr)× [−α2r2, 0] for all i ∈ N.
By Lemma 10, we have the uniform bounds
1
C
exp
(
−Cd
2
s(y, q)
|s|
)
≤ e−fti (y,s) ≤ C exp
(
−d
2
s(y, q)
C|s|
)
for all (y, s) ∈ [−1, 0). This implies
− logC + d˜
2
t (y, q)
C(1 − t) ≤ f˜i(t) ≤ logC + C
d˜2t (y, q)
(1 − t)
for all t ∈ [−2, 0], hence (because Φi is a ǫi-Gromov-Hausdorff map for some se-
quence ǫi → 0)
− logC∗ + d˜
2
s(q,Φi(x))
C∗
≤ f˜i(Φi(x), 0) ≤ logC∗ + C∗d˜2s(q,Φi(x))
for all x ∈ Ui∩BX(q∞, Di), where Di →∞. By parabolic regularity theory applied
to u˜i(t) := (4π(1 − t))− n2 e−f˜i(t) on Bg˜i(Φi(x), 0, αr) × [−α2r2, 0], we find that
lim supi→∞ supB
g˜i
(Φi(x),0,
1
2αr)×[− 12α2r2,0] |∇ku˜i|g˜i > 0 for all k ∈ N. Along with
the locally uniform upper bound for f˜i, we get similar bounds for f˜i, so that we
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can pass to a subsequence such that f˜i(0) converges in C
∞
loc to some f∞ ∈ C∞(R).
Suppose by way of contradiction that there exists x∗ ∈ R such that∣∣∣Rcg∞ +∇2f∞ − g∞2 ∣∣∣2 (x∗) ≥ c0 > 0.
Then this quantity is at least 12c0 on some ball B
X(x∗, r) ⊆ R, so for x ∈
Bg˜i0(Φi(x
∗), 12r) and sufficiently large i, we have∣∣∣∣Rcg˜i0 +∇2f˜i(0)− g˜i02
∣∣∣∣2 (x) ≥ c04 .
However, this along with backwards pseudolocality and parabolic regularity give∣∣∣∣Rcg˜it +∇2f˜i(t)− g˜it2(1 + |t|)
∣∣∣∣2 (x) ≥ δ
for (x, t) ∈ Bg˜i(φi(x∗), 0, δ)× [−δ2, 0], where δ > 0 is small, (depending on x∗ but
not on i) contradicting (3.1).
4. Integration by Parts on the Singular Ricci Soliton
Now let (X, d,R, g∞, f∞) be a singular shrinking GRS as obtained in the previous
section.
Lemma 12. There exists T = T (A, n) <∞ such that, for all r > 0, we have
|BX(q∞, r) ∩R| ≤ Trn.
Proof. By Proposition 6, we obtain C = C(A) < ∞ such that |B(x, t, r)|t ≤ Crn
for all r ∈ (0, 1] and (x, t) ∈M × [−1, 0). For the rescaled flows g˜it := |ti|−1gti+|ti|t,
this means that |Bg˜i(x, t, r)|g˜it ≤ Crn for all r ∈ (0, |ti|−
1
2 ) and (x, t) ∈ M ×
[−2|ti|−1, 0). Now let (Ui, Vi,Φi) be a convergence scheme for the convergence
(M, g˜i0, q) → (X , q∞). Let K be any compact subset of BX(q∞, r) ∩ R. Then, for
sufficiently large i ∈ N, we have K ⊆ Ui and
|K| ≤ 2|ϕi(K)|g˜i0 ≤ 2|Bg˜i(q, 0, 2r)|g˜i0 ≤ 2n+1Crn.
Since K was arbitrary, this means |BX(q∞, r) ∩R| ≤ 2n+1Crn. 
Definition 13. The shrinker entropy of the singular shrinking GRS (X, d,R, g∞, f∞)
is
W(g∞, f∞) :=
∫
R
(R∞ + |∇f∞|2 + f∞ − n)(4π)−n2 e−f∞dg∞.
This integral is finite by the previous lemma, since |R∞| is bounded, f∞ has
quadratic growth, and |∇f∞| ≤
√
f∞.
In order to prove convergence of entropy, it is essential to use Perelman’s differ-
ential Harnack inequality, so that the entropy can be rewritten as the integral of
a nonpositive quantity. However, it is then necessary to prove that the integration
by parts formula ∫
R
∆f∞e−f∞dg∞ =
∫
R
|∇f∞|2e−f∞dg∞
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holds in the singular case. This is equivalent to showing that∫
R
div(∇e−f∞)dg∞ = 0.
To this end, we recall the following integration by parts formula
Lemma 14. ([3] Prop 5.2) Let X = (X, d,R, g) be a singular space with singu-
larities of codimension p0 > 2, and Z a C
1 vector field on R that vanishes on
R \B(x, r) for some large r > 0. Assume there is a constant C <∞ such that
|Z| < Cr−1Rm and |div(Z)| < Cr−2Rm on B(x, r) ∩R.
Then ∫
R
(divZ)dg = 0.
Lemma 15.
∫
R∆f∞e
−f∞dg∞ =
∫
R |∇f∞|2g∞e−f∞dg∞.
Proof. Now fix r > 0, and let φ ∈ C∞(R) be a smoothing of a radial function,
chosen such that φ|B(q∞, r) = 1, 0 ≤ φ ≤ 1, |∇φ| ≤ 2, and supp(φ) ⊆ BX(q∞, r +
1). We want to apply the previous lemma to Z := φ∇e−f∞ . Note that R∞ ≥ 0
since Rgt is uniformly bounded below. Also, the bound |R|(x, t) ≤ A|t|−1 passes to
the limit to give R∞ ≤ A. We know that R∞+ |∇f∞|2−f∞ = C for some constant
C ∈ R. For the purpose of this section, we may assume that C = 0, so that f∞ ≥ 0
and |∇f∞|2 ≤ f∞. Also, R∞ + ∆f∞ = n2 implies that |∆f∞| ≤ A + n2 . Setting
g˜s := |ti|−1gti+|ti|s, the uniform heat kernel bounds pass to the limit to give
− logC∗ + d
2
X(p, x)
C∗
≤ f∞(x) ≤ logC∗ + C∗d2X(x, q∞)
for all x ∈ R. In particular, we have
|Z(x)| ≤ |∇f∞|e−f∞ ≤
(
logC∗ + C∗d2X(x, q∞)
) 1
2 exp
(
logC∗ − 1
C∗
d2X(q∞, x)
)
,
|div(Z(x))| ≤ 2(|∇f∞|+ |∇f∞|2 + |∆f∞|)e−f∞
≤ 4(logC∗ + C∗d2X(x, q∞) +A+
n
2
) exp
(
logC∗ − 1
C∗
d2X(q∞, x)
)
,
for x ∈ R. Both of these terms are locally bounded on R, so we may apply the
previous lemma to Z to obtain 0 =
∫
R div(φ∇e−f∞)dg∞. Using the volume upper
bound, we can conclude∫
R
|∇φ| · |∇f∞|e−f∞dg∞ ≤C(n)
∫
R∩(BX(q∞,r+1)\BX(q∞,r))
|∇f∞|e−f∞dg∞
≤C(n)
∫
R∩(BX(q∞,r+1)\BX(q∞,r))
e−
1
2 f∞dg∞
≤C(n,A)rn exp
(
− r
2
C(n,A)
)
.
The claim then follows by taking r → ∞, and using the dominated convergence
theorem. 
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Corollary 16. The soliton entropy can also be expressed as
W(g∞, f∞) = (4π)− n2
∫
R
(R∞ + 2∆f∞ − |∇f∞|2 + f∞ − n)dµg∞ ,
which has nonpositive integrand by passing Perelman’s differential Harnack inequal-
ity to the limit.
5. Proof of Entropy Convergence
Theorem 17. Suppose (Mn, (gt)t∈[−2,0), q) is a closed, pointed solution of Ricci
flow satisfying ν[g−2, 4] ≥ −A and
|R(·, t)| ≤ A|t|
for all t ∈ [−2, 0). Let (X , q∞) = (X, d,R, g∞, q∞) be a singular space obtained as a
pointed limit of (M, g˜i0, q), where ti ր 0, and g˜it := |ti|−1gti+|ti|t. Also assume f∞ ∈
C∞(R) is obtained by limiting f˜i(0) as in section 3, where fi(t) := fti(ti + |ti|t),
and fti ∈ Fq satisfies θq(ti) =W(gti , fti , |ti|). Then
Θ(q) = lim
i→∞
W(g˜i0, f˜i(0), 1) =W(g∞, f∞).
Proof. The first equality is by definition. Let (Ui, Vi,Φi) be the convergence scheme
for (M, g˜i0, q)→ (X , q∞). Then, for any compact subset K ⊆ R, we have for large
enough i ∈ N that∫
K
(R∞ + 2∆f∞−|∇f∞|2 + f∞ − n)(4π)−n2 dg∞
= lim
i→∞
∫
Φi(K)
(Rg˜i0 + 2∆f˜i(0)− |∇f˜i(0)|
2 + f˜i(0)− n)(4π)−n2 dg˜i0
≥ lim sup
i→∞
W(g˜i0, f˜i(0), 1).
Taking the infimum over all compact subsets K ⊆ R gives W(g∞, f∞) ≥ Θ(q).
Now fix ǫ > 0, and choose K ⊆ R compact such that
(4π)−
n
2
∫
R\K
|Rg∞ + |∇f∞|2 + f∞ − n|e−f∞dg∞ < ǫ.
Then, for any K ′ ⊆ R compact with K ⊆ K ′, we have
W(g∞, f∞) ≤
∫
K′
(Rg∞ + |∇f∞|2 + f∞ − n)(4π)−
n
2 e−f∞dg∞ + ǫ
= lim
i→∞
∫
Φi(K′)
(Rg˜i0 + |∇f˜i(0)|2 + f˜i(0)− n)(4π)−
n
2 e−f˜i(0)dg˜i0 + ǫ.
In order to show W(g∞, f∞) ≤ Θ(q), it therefore suffices to find some K ′ ⊆ R
compact (possibly depending on ǫ) with K ⊆ K ′ and
lim inf
i→∞
∫
M\Φi(K′)
(Rg˜i0 + |∇f˜i(0)|2 + f˜i(0)− n)(4π)−
n
2 e−f˜i(0)dg˜i0 > −ǫ.
Since f˜i(0) have uniform quadratic growth, and because |Rg˜i0 | ≤ A, we can find
D = D(A, n) <∞ uniform such that
Rg˜i0 + |∇f˜i(0)|
2 + f˜i(0)− n ≥ 0 on M \Bg˜i(q, 0, D)
THE ENTROPY OF RICCI FLOWS WITH TYPE-I SCALAR CURVATURE BOUNDS 15
for all i ∈ N. Moreover, Bamler’s upper bound (Theorem 6) on the size of the
quantitative singular set gives us E = E(A, n) <∞ such that
|{rg˜iRm(·, 0) > s} ∩Bg˜i0(q, 2D)|g˜i0 ≤ Es3
for all s ∈ (0, 1].
We also know that the entropy integrand is bounded uniformly from below on
Bg˜i(q, 0, D), and that for i ∈ N sufficiently large we have
{rg˜iRm(·, 0) ≥ s} ∩Bg˜i(q, 0, 2D) ⊆ Vi.
Thus we can choose s = s(A, n, ǫ) > 0 sufficiently small so that∫
{rg˜i
Rm
(·,0)<s}∩B
g˜i
(q,0,2D)
(Rg˜i0 + |∇f˜i(0)|
2 + f˜i(0)− n)(4π)−n2 e−f˜i(0)dµg˜i0 < ǫ.
Finally, by the definition of a convergence scheme, we can choose K ′ ⊆ R such that
K ⊆ K ′ and Φi(K) ⊇ {rg˜
i
Rm(·, 0) ≥ s} ∩ Bg˜i(q, 0, 2D) (in fact, this will follow by
taking K ′ = U i for i ∈ N sufficiently large). 
Definition 18. A singular GRS (R, g, f) is called normalized if∫
R
(4π)−
n
2 e−fdg = 1
.
Recall that, since R is connected, ∇(R+ |∇f |2− f) = 0 gives R+ |∇f |2− f = c
for some c ∈ R. Also, we know R+∆f = n2 , so
W(g, f) =(4π)−n2
∫
R
(R+ 2∆f − |∇f |2 + f − n)e−fdg
=(4π)−
n
2
∫
R
(−R− |∇f |2 + f)e−fdg = −c
∫
R
(4π)−
n
2 e−fdg.
That is, for a normalized soliton, we know R+ |∇f |2 = f −W(g, f).
Proposition 19. The singular shrinking GRS (R, g∞, f∞) of Theorem 17 is nor-
malized: ∫
R
(4π)−
n
2 e−f∞dg∞ = 1.
Proof. For any compact subset K ⊆ R, we have∫
K
e−f∞dg∞ = lim
i→∞
∫
ϕi(K)
e−f˜i(0)dg˜i0 ≤ (4π)
n
2 ,
so it suffices to prove that
∫
R(4π)
− n2 e−f∞dg∞ ≥ 1. In fact, fix ǫ > 0. By the
uniform volume upper bound and heat kernel lower bound, we have some D =
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D(ǫ) <∞ such that∫
M\B
g˜i
(q,0,D)
(4π)−
n
2 e−f˜i(0)dg˜i0 ≤C(n,A)
∫
M\B
g˜i
(q,0,D)
exp
(
− 1
C
d˜2gi0
(q, x)
)
dg˜i0
=C(n,A)
∫ ∞
D
Areag˜i(∂Bg˜i(q, 0, r))e
− r2
C dr
=C(n,A)
∫ ∞
D
e−
r2
C
d
dr
|Bg˜i(q, 0, r)|g˜i0dr
≤C(n,A)
∫ ∞
D
r|Bg˜i (q, 0, r)|g˜i0e
− r2
C dr
≤C(n,A)
∫ ∞
D
rn+1e−
r2
C dr <
ǫ
2
for all i ∈ N. Moreover, since e−f∞ is uniformly bounded on Bg˜i(q, 0, 2D) (inde-
pendently of i) we also have∫
B
g˜i
(q,0,2D)\Vi
(4π)−
n
2 e−f˜i(0)dµg˜i0 ≤ C
∣∣∣{rg˜iRm(·, 0) > s} ∩Bg˜i(q, 0, 2D)∣∣∣
g˜i0
for any s > 0, when sufficiently large i. By taking s > 0 sufficiently small, the
upper bound on the size of the quantitative singular set (as in the previous section)
tells us that the right hand side is less than 12ǫ. This means that∫
B
g˜i
(q,0,2D)∩Vi
(4π)−
n
2 e−f˜i(0)dµg˜i0 ≥ 1− ǫ
for i sufficiently large, hence∫
R∩B(q,2D)
(4π)−
n
2 e−f∞dµg∞ ≥ 1− 2ǫ,
and the claim follows. 
Remark 20. As in the Type-I curvature case [20], we note that Theorem 17, Propo-
sition 21 also hold f∞ is obtained as a limit of a fixed conjugate heat kernel based
at the singular time, instead of the sequence f˜i.
6. Entropy Rigidity of the Gaussian Soliton
The following result extends Lemma 2.1 of [21] to the setting of singular shrinking
GRS. The proof of that lemma used essentially the fact that the underlying Rie-
mannian manifold is complete, which in our setting is only true if the singular set
X \R is empty. However, we will see that the proof can be modified to work when
X \R has singularities of codimension strictly greater than 3, using the arguments
of Claim 2.32 of [11]. In fact, the part of the following proof establishing the flow
properties of a function f ∈ C∞(R) with ∇2f = 0 is taken from this claim, but
since the setting of [11] is somewhat different, we rewrite the part of this claim we
need.
Proposition 21. Suppose X = (X, d,R, g, fi), i = 1, 2 are normalized singular
shrinking GRS with singularities of codimension 4. Then
W(g, f1) =W(g, f2).
THE ENTROPY OF RICCI FLOWS WITH TYPE-I SCALAR CURVATURE BOUNDS 17
Proof. We can assume that f1 − f2 is not constant, otherwise the normalization
condition gives the claim. Set f := |∇(f1 − f2)|−1(f1 − f2), so that |∇f | = 1 and
∇2f = 0 on R. Let ϕt(x) be the flow of ∇f starting at x ∈ R for t ∈ R such
that this is defined. Fix p ∈ (3, 4), s ∈ (0, 1]. We first show that, for any q ∈ X ,
s ∈ (0, 1], and D <∞, the set
SD,s := {x ∈ R ∩BX(q,D) ; rXRm(ϕt(x)) <
1
2
s for some t ∈ [−D,D]}
has Minkowski codimension at least p − 1. We denote by Hn−1 the (n − 1)-
dimensional Hausdorff measure on R, which coincides with the Lebesgue measure
on any hypersurface.
Because rXRm is 1-Lipschitz, we can find h ∈ C∞(R) such that |∇h| ≤ 2 and
1
2
rXRm < h < 2r
X
Rm on R.
Using the coarea formula and the fact that singularities are of codimension 4, we
have∫ 2s
s
Hn−1(h−1(t) ∩BX(q, 3D))dt =
∫
{s≤h≤2s}∩BX(q,3D)
|∇h|dg
≤2|{rXRm ≤ 4s} ∩BX(q, 3D) ∩R| ≤ 2 · 4pEp,3D,qsp.
By Sard’s theorem, we may therefore find t = t(s) ∈ (s, 2s) such that Σs :=
h−1(t) ∩ BX(q, 3D) is smooth and satisfies Hn−1(Σs) ≤ 22p+1Ep,3D,qsp−1. Next,
write SD,s = Is ∪ IIs, where
Is := {x ∈ SD,s ; rXRm(x) ≤ 4s},
IIs := {x ∈ SD,s ; rXRm(x) > 4s}.
Since the singularities of X are codimension 4, we have
|Is| ≤ |{rXRm ≤ 4s} ∩BX(q,D) ∩R| ≤ 4pEp,3D,qsp.
For any y ∈ IIs, there exists t ∈ (−D,D) such that ϕt(y) ∈ Σs. Moreover, |∇f | = 1
implies d(ϕt(y), q) ≤ 2D < 3D. Now set
Ωs := {(t, x) ∈ (−D,D)× Σs ; ϕt(x) is well defined},
which is open in (−D,D)× Σs.
Claim: The Jacobian of η : (Ωs, dt
2 + gΣs) → (R, g), (t, x) 7→ ϕt(x) is ≤ 1 every-
where.
In fact, since each ϕt is a local isometry, we have that
dη(t,x)|TxΣs : TxΣs → Tϕt(x)(ϕt(Σs))
is a linear isometric embedding for all (t, x) ∈ (−D,D)×Σs. Moreover, dη(t,x)(∂/∂t) =
∇f(ϕt(x)), and so the Jacobian of η at (t, x) ∈ Σs× (−D,D) is |(∇f(ϕt(x))⊥| ≤ 1,
where ⊥ denotes the projection Tϕt(x)R → (Tϕt(x)ϕt(Σs))⊥. 
Note that IIs ⊆ η(Ωs) and the claim give |η(Ωs)| ≤ Hn−1(Σs)·2D ≤ 4p+2Eq,3D,pDsp−1,
so we may conclude
|SD,s| = |Is|+ |IIs| ≤ 4p+3Eq,3D,psp−1.
Claim: {x ∈ R ; d(x, SD,s) < s} ⊆ S2D,4s.
In fact, suppose x ∈ R satisfies d(x, SD,s) < s. If rXRm(x) < 2s, then x ∈ S2D,4s
by definition. If rXRm(x) > 2s, then there is a minimal geodesic from x to some
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point in S2D,s, and this geodesic lies entirely in {rXRm > s} ⊆ R. By construction,
there is some t ∈ (−D,D) such that ϕt(γ) ∩ {rXRm ≤ 12} 6= ∅. Let t0 ∈ (−D,D) be
such that |t0| is minimal among such t. We can assume, by replacing f with −f ,
that t0 > 0. Then, since ϕt0 is a local isometry, and r
X
Rm ≥ 12s along ϕt(γ) for
0 ≤ t ≤ t0, we know that ϕt0 is defined on γ and that Lg(ϕt0(γ)) = Lg(γ) < s.
Also, by construction we have ϕt0(γ) ∩ {rXRm = 12s} 6= ∅. Since rXRm is 1-Lipschitz,
this implies rXRm(ϕt0(x)) ≤ 3/2, hence x ∈ S2D,4s.
This along with |S2D,2s| ≤ 4p+10Eq,6D,psp−1 implies the Minkowski dimen-
sion claim. In particular, the set S of x ∈ R such that ϕt(x) does not ex-
ist for all time satisfies |S| = 0, and Hn−1(S ∩ f−1(0)) = 0. Define N :=
f−1(0) ∩ R, and let U ⊆ R × N be the (open) maximal subset where ψ(t, x) :=
ϕt(x) is defined. Then R \ S ⊆ ψ(U), since for any x ∈ R \ S, we have x =
ψ(f(x), ϕ−f(x)(x)). In particular, |R \ ψ(U)| = 0. By an argument like the one
above, and noting that now (∇f(ϕt(x)))⊥ = ∇f(ϕt(x)), where ⊥ denotes the pro-
jection Tϕt(x)R → (Tϕt(x)ϕt(N))⊥, we get that ψ(U) is a Riemannian isometry
(U, dt2 + g˜)→ (ψ(U), g), where g˜ is the Riemannian metric g˜ on N := f−1(0) ∩R
induced from g. In particular, f˜i := fi ◦ ψ ∈ C∞(U) are soliton functions, and
f˜(t, x) := (f ◦ ψ)(t, x) = t.
Claim: There are ai ∈ R such that
f˜i(t, x) = f˜i(0, x) + ait+
1
4
t2.
In fact, the soliton equation gives ∂2t f˜i =
1
2 everywhere, so
f˜i(t, x) = f˜i(0, x) + ∂tf˜i(0, x)t+
1
4
t2
for (t, x) ∈ U . Moreover, for any X ∈ X(N), the product structure and soliton
equations give
∇X∂tf˜i = ∇2f˜i(∂t, X) = 1
2
g(∂t, X)−Rc(∂t, X) = 0.
This means that ∇(∂tf˜i− 12 t) = 0 on U , hence ∇(〈∇f,∇fi〉− 12f) = 0 on the dense
open subset ψ(U) of R. Because f, fi are smooth and R is connected, we get that
〈∇f,∇fi〉− 12f is constant on ψ(U), hence ∂tf˜i− 12 t is constant on U . In particular,
∂tf˜i is constant on {0} ×N , and the claim follows.
Now we use the normalization conditions on f˜i. Since |R \ ψ(U)| = 0 and
∂t(f˜1 − f˜2) = 1, we have
(4π)−
n
2
(∫
N
e−f˜2(0,x)dg˜(x)
)(∫
R
e−
1
4 t
2−a2tdt
)
=W(g, f2) = 1,
(4π)−
n
2
(∫
N
e−f˜2(0,x)dg˜(x)
)(∫
R
e−
1
4 t
2−a1tdt
)
=W(g, f1) = 1,
since f˜1 = f˜2 on {0} ×N . Thus
ea
2
2
∫
R
e−
1
4 t
2
dt = ea
2
2
∫
R
e−
1
4 (t−2a2)2dt = ea
2
1
∫
R
e−
1
4 (t−2a1)2dt = ea
2
1
∫
R
e−
1
4 t
2
dt,
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which implies a21 = a
2
2. Noting that ∇xf˜1(0, x) = ∇xf˜2(0, x) for all x ∈ N , we thus
have
|∇f˜1(0, x)|2 = |∇xf˜1(0, x)|2 + a21 = |∇xf˜2(0, x)|2 + a22 = |∇f˜2(0, x)|2.
In particular, on {0} ×N ,
R+ |∇f˜1|2 − f˜1 = R+ |∇f˜2|2 − f˜2.
Since fi are normalized, we have R + |∇fi|2 − fi = −W(g, fi), so the proposition
follows. 
Proposition 22. Suppose (M, (gt)t∈[−2,0), q) is a closed, pointed solution of Ricci
flow with supt∈[−2,0) |R(·, t)|(T − t) < ∞, and let (X , q∞) be a singular shrinking
GRS obtained as a dilation limit. If W(g∞, f∞) = 0, then X is the Gaussian
shrinker. If this occurs, there is a neighborhood U of q in M such that
sup
U×[−2,0)
|Rm| <∞.
Proof. Fix x ∈ R, and let (Ui, Vi,Φi) be the convergence scheme for (M, g˜i0, q) →
(X , q∞). Note that
dX(x, q∞) = lim
i→∞
dg˜i0(Φi(x), q) = limi→∞
|ti|− 12 dgti (φi(x), q),
so φi(x) → q in M . Thus uΦi(x),ti converges to a conjugate heat kernel at the
singular time u ∈ Uq in C∞loc(M × (−1, 0)). Writing u(y, s) = (4π|s|)−
n
2 e−f(y,s), we
know from previous sections that, if fi(s) := f(ti + |ti|s), then fi(0) ◦Φi converges
in C∞loc(R) to a normalized soliton function f∞, which must satisfy W(g∞, f∞) =
W(g∞, f∞) = 0 by Proposition 21, hence (see Remark 20)
0 = lim
i→∞
W(gi0, fi(0), 1) = lim
i→∞
W(|ti|−1gti , f(ti), 1)
= lim
i→∞
W(gti , f(ti), |ti|) = lim
tր0
W(gt, f(t), |t|)
by Theorem 17. Now let ǫ = ǫ(n,C) > 0 be the constant from Theorem 8. Then
there exists δ > 0 such that W(gt, f(t), |t|) ≥ − 12ǫ for all t ∈ [−δ, 0). Because
fΦi(x),ti → f in C∞loc(M × (−1, 0)), we know that for any fixed t ∈ (−1, 0), we have
W(gt, f(t), |t|) = lim
i→∞
W(gt+ti , fΦi(x),ti(t+ ti), |t|),
for i ∈ N sufficiently large. In particular, W(g−δ+ti , fΦi(x),ti(−δ + ti), δ) ≥ −ǫ for
sufficiently large i ∈ N. Thus, by Theorem 8, we conclude (rgRm(Φi(x), ti))2 ≥ ǫδ.
This means
(
rg˜
i
Rm(Φi(x), 0)
)2
> ǫδ|ti|−1, so by backwards Pseudolocality, it follows
that (M, |ti|−1gti , q) actually converges in the C∞ Cheeger-Gromov sense to the
Gaussian shrinker on flat Rn.
Now apply a version of Perelman’s pseudolocality theorem (Theorem 1.2 of [19])
to the ball B(q, ti, D
√|ti|), with D < ∞ and i ∈ N sufficiently large, to conclude
that |Rm|(x, t) ≤ C for all x ∈ B(q, ti,
√|ti|), t ∈ (ti, 0), (see also Lemma 2.4 of
[15]). 
Proof of Theorem 1. This follows by combining Theorem 17, Proposition 21, and
Proposition 22. 
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7. Removable Singularities
In this section, we specialize to the four-dimensional case, where we first sharpen
Bamler’s Minkowski dimension estimates for the singular set, obtaining that the
limiting singular GRS is actually smooth outside of a discrete set of points. Using
this, we are able to show the singularities are conical C0 orbifold singularities,
without knowing that the global L2 norm of the curvature tensor on the regular set
is finite (this is not true in general, even if we assume (1.2) so that X is smooth). In
fact, it is not clear whether or not one can prove local L2 estimates for the curvature
on the rescaled Ricci flow. This is because the L2 curvature bound in dimension 4
is usually proved using the Chern-Gauss-Bonnet formula, but the argument relies
crucially on the (rescaled) flow having uniformly bounded diameter. Moreover,
it is not clear how to effectively localize the Chern-Gauss-Bonnet formula in this
situation: applying the formula on a subdomain results in boundary terms which
depend on the principal curvatures of the boundary. In [17], this difficulty was
overcome by using properties of level sets of a shrinking GRS, which suggests that
it may be easier to prove the L2 curvature estimate on the limiting singular space
rather than on the Ricci flow itself.
Therefore, we aim to prove a local L2 bound for |Rm| near the singular points of
X , and then apply the removable singularity techniques of [26],[7], [28]. We achieve
this by estimating separately the traceless Ricci and the Weyl parts of the curvature
tensor, using ideas of Haslhoffer-Muller [17] and Donaldson-Sun [14], respectively.
After overcoming this difficulty, the proof is fairly standard, and Uhlenbeck’s theory
[28] of removable singularities along with the ǫ-regularity theorem of [16] let us
conclude that in fact the singular GRS has a C∞ orbifold structure.
Throughout this section, we suppose that (M4, (gt)t∈[−2,0)) is a closed solution
of Ricci Flow satisfying ν[g−2, 4] ≥ −A and
|R(x, t)| ≤ A|t|
for all (x, t) ∈ M × [−2, 0). Fix a basepoint q ∈ M and a sequence of times
ti ր 0. Define the rescaled sequence g˜it := |ti|−1gti+|ti|t for t ∈ [−2, 0). Then
the rescaled solutions satisfy supM×[−2,0] |Rg˜i | ≤ A and ν[g˜i−2, 4] ≥ −A for all
i ∈ N. By Theorem 1.2 of [1], we may pass to a subsequence so that (M, g˜i0, q)
converges to a pointed singular space (X , q∞) = (X, d,R, g, q∞) with singularities
of codimension 4, that is Y -regular at all scales, for some Y = Y (A) < ∞, and
satisfies the shrinking soliton equation Rc+∇2f = 12g on the regular part R, where
f ∈ C∞(R) is the obtained from a sequence of rescaled conjugate heat kernels
based at the singular time. The scalar curvature estimate passes to the limit to
give |R| ≤ A on R. By Lemma 10, f has quadratic growth, which combines with
the equation R + |∇f |2 = f −W(g, f) to give a locally uniform gradient estimate
for f .
Lemma 23. X \R is discrete, and every tangent cone at x ∈ X \R is isometric to
R4/Γ for some finite subgroup Γ ≤ O(4,R) (which may depend on x and the choice
of rescalings). Moreover, there exists N = N(A) > 0 such that |Γ| ≤ N .
Proof. Fix x0 ∈ X \ R, and let (Z, dZ , cY ) be a tangent cone at x0, with λi → ∞
such that (X,λidX , x0) → (Z, dZ , cZ) in the pointed Gromov-Hausdorff sense.
THE ENTROPY OF RICCI FLOWS WITH TYPE-I SCALAR CURVATURE BOUNDS 21
Choose xi ∈ M such that xi → x0 as i → ∞. By definition of the conver-
gence (M, gi0, q) → (X , q∞), for each i ∈ N, we can choose j = j(i) ≥ i such
that (M,λ2i g
j(i)
0 , xj(i)) is λii
−1-close in the pointed Gromov-Hausdorff topology to
(X,λidX , x0). Setting g˜
i
t := λ
2
i g
j(i)
λ−2
i
t
, we get that (M, (g˜it)t∈[−2,0], xj(i))i∈N is a
sequence of pointed Ricci flows with supM×[−2,0] |Rg˜i | → 0 and ν[g˜i−2, 4] ≥ −A,
which converges in the pointed Gromov-Hausdorff sense to (Z, dZ , cZ). In particu-
lar, (Z, dZ , cZ) has the structure of a singular space Z = (Z, dZ ,RZ , gZ, cZ) with
mild singularities of codimension 4, such that Rc(gZ) = 0 on RZ . However, since
n = 4, and Z = C(Σ) is a metric space, which is only possible if the link Σ of Z is a
smooth 3-dimensional Riemannian manifold. That is, Z \ {cZ} is a smooth metric
cone gZ = dr
2 + r2gΣ for some smooth Riemannain metric gΣ on Σ. However,
Rc(gZ) = 0 implies Rc(gΣ) = (n − 1)gΣ, and since dim(Σ) = 3, (Σ, gΣ) must be
a disjoint union of spherical space forms. In fact, RY is connected, so Σ must be
connected. That is, Z = C(S3/Γ) = R4/Γ for some finite subgroup Γ ≤ O(4,R).
Moreover, because Z is Y -tame for some Y = Y (A) < ∞ (see proposition 4.2 of
[1]), we have
c(A) < |BZ(cZ , 1) \ {cZ}|gZ = ωn/|Γ|.
It remains to show that x0 is an isolated point of X \ R. Suppose by way of
contradiction that there exist yi ∈ X \ (R ∪ {x0}) such that yi → x0. Set λi :=
d−1(x0, yi). By passing to a subsequence, we can assume (X,λidX , x0) converges
in the pointed Gromov-Hausdorff sense to a tangent cone (Z, dZ , cZ) as above.
Then, for α ∈ (0, 1) to be determined, (BX(yi, αλ−1i ), λid, yi) converges in the
pointed Gromov-Hausdorff sense to (BZ(y∞, α), dZ , y∞) for some y∞ ∈ Z with
d(cZ , y∞) = 1. By possibly shrinking α > 0, we can assume that BZ(y∞, α) is
isometric to a ball in Rn. Applying Theorem 2.37 of [27] (see the appendix), we
have
|BX(yi, αλ−1i ) ∩R|g ≥ (ωn − ǫi)(αλ−1i )4
for some sequence ǫi → 0. However, the Y (A)-regularity ofX then implies rRm(yi) >
0, contradicting yi ∈ X \ R. 
Theorem 24. X has the structure of a C∞ Riemannian orbifold with finitely many
conical orbifold singularities, such that in orbifold charts around the singular points,
f extends smoothly across the singular points, and satisfies the gradient Ricci soliton
equation everywhere.
Proof. Fix x∗ ∈ X\R. Suppose by way of contradiction that there exists a sequence
xi → x∗ such that lim infi→∞ |Rm(xi)|d2X(xi, x∗) > 0 (since x∗ is an isolated point
of X \ R,we can assume xi ∈ R). Set ri := dX(xi, x∗), so that by passing to a
subsequence, we may assume that (X, r−1i dX , x
∗) converge in the pointed Gromov-
Hausdorff sense to (C(S3/Γ), dC(S3/Γ), c0) for some finite subgroup Γ ≤ O(4,R),
where c0 ∈ C(S3/Γ) is the cone point.
We claim that there are ǫi → 0 such that, for all x ∈ BX(x∗, 2ri) \BX(xi, 12ri),
the pointed metric space (BX(x, αri), r
−1
i dX , x) is ǫi-close in the pointed Gromov-
Hausdorff distance to (BC(S
3/Γ)(x, α), dC(S3/Γ), x) for some x ∈ C(S3/Γ) with 14 ≤
d(c0, x) ≤ 4. Suppose by way of contradiction that there exist ǫ > 0 and yi ∈
BX(x∗, 2ri) \BX(xi, 12ri) where
dGH((B
X(yi, αri), r
−1
i dX , yi), (B
C(S3/Γ)(x, α), dC(S3/Γ), x)) > ǫ
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for every x ∈ C(S3/Γ) with 14 ≤ d(x∗, x) ≤ 4. Let ψi : BX(x∗, 100ri) → C(S3/Γ)
be δi-Gromov-Hausdorff approximations
(BX(x∗, 100ri), r−1i dX , x
∗)→ (BC(S3/Γ)(c0, 100), dC(S3/Γ), c0),
where δi → 0. Then ψi|BX(yi, αri) is a 12δi-Gromov-Hausdorff approximation
from (BX(yi, αri), r
−1
i dX , yi) to (B
C(S3/Γ)(ψi(yi), α), dC(S3/Γ), ψi(yi)), where
1
3 ≤
d(c0, ψi(yi)) ≤ 3. Passing to a subsequence, we may assume that ψi(yi) converges
in to some y∞ ∈ C(S3/Γ) with 13 ≤ d(c0, y∞) ≤ 3. Then (BX(yi, αri), r−1i dX , yi)
converges in the pointed Gromov-Hausdorff sense to (BX(y∞, α), dC(S3/Γ), y∞), a
contradiction.
By the volume convergence theorem for manifolds with Bakry-Emery Ricci tensor
bounded below (see Theorem 4.10, Remark 5.2 of [29]), which only requires local
bounds on |∇f |, for any fixed α > 0, the volume ratios (αri)−n|BX(x, αri)| converge
to the Euclidean volume ratio, locally uniformly for x ∈ X with 2ri > dX(x, x∗) >
1
2ri. We could also perform a conformal change using the potential function f as
in [31], and appeal to the volume convergence theorem for manifolds with Ricci
curvature bounded below. Note that we needed to use the fact that BX(x, 12α )
is compactly contained in R, since this convergence theorem does not apply to
a general subset of X because X is not known to be a Gromov-Hausdorff limit
of smooth spaces with Bakry-Emery Ricci tensor bounded below. By the Y (A)-
regularity of the singular space X , we may conclude that rXRm(xi) > Y −1ri for
some Y = Y (A) < ∞. In particular, also using the lower volume bound, we may
assume by passing to a subsequence and applying the Cheeger-Gromov compactness
theorem, that the convergence of the rescaled metrics (BX(xi,
1
2αiri), r
−2
i g) to a
ball in BC(S
3/Γ)(c0, 4) \ BC(S3/Γ)(c0, 14 ) is smooth. However, C(S3/Γ) is flat away
from the cone point, so actually |Rm(xi)|d2X(xi, x∗)→ 0 as i→∞, a contradiction.
We may therefore conclude that |Rm|(x)d2X(x, x∗) ≤ ǫ(x) for x ∈ BX(x∗, δ) \ {x∗},
and in fact that |∇kRm|(x)d2+kX (x, x∗) ≤ ǫ(x) for x ∈ BX(x∗, δ), any k ≥ 0. 
Claim: C(S3/Γ) is the unique tangent cone of X at x∗. In fact, we know from
the previous paragraph that, for any tangent cone C(S/Γ′) of X at x∗, there is
a sequence si ց 0 such that BX(x∗, 2si) \ BX(x∗, si) is diffeomorphic to (1, 2) ×
S3/Γ′. It therefore suffices to find r > 0 such that BX(x∗, 2r) \ BX(x∗, r) and
BX(x∗, 2s) \BX(x∗, s) are diffeomorphic for all s, r ∈ (0, r). Set
θ(r) := sup{∠(γ˙(r), η˙(r)); γ, η : [0, r]→ BX(x, r)
are arclength minimizing geodesics from x∗ to some x ∈ ∂BX(x, r)}.
We claim that limr→0 θ(r) = 0. Otherwise, there exists τ > 0 and a sequence of
arclength geodesic loops γi, ηi : [0, ri] → X to some xi ∈ ∂BX(x∗, ri), such that
∠(γ˙(ri), η˙i(ri)) ≥ τ . After passing to a subsequence, we have pointed Cheeger-
Gromov convergence (BX(x∗, αri), r−2i g, xi) → (C(S3/Γ′), gC(S3/Γ′), x∞) for some
x∞ ∈ ∂BC(S3/Γ′)(c0, 1), pointed Gromov-Hausdorff convergence
(BX(x∗, δ), r−1i dX , x
∗)→ (C(S3/Γ′), gC(S3/Γ′), c0)
and (after a constant-speed reparametrization) γi, ηi converge to arclength geodesics
γ∞, η∞ : [0, 1]→ X from c0 to x∞ with ∠(γ˙∞(1), η˙∞(1)) ≥ τ , contradicting the fact
that there is a unique minimizing geodesic from c0 to any x ∈ C(S3/Γ′). Therefore
limr→0 θ(r) = 0, so for r0 > 0 sufficiently small, we can construct a smooth vector
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field whose flow gives a homeomorphism (for example, see [23] Lemma 12.1.1)
between BX(x∗, 2si) \ BX(x∗, si), i = 1, 2, for any s1, s2 ∈ (0, r0] However, we
know BX(x∗, 2si) \ BX(x∗, si) is diffeomorphic to (1, 2) × S3/Γi for some finite
subgroups, so we must have Γ1 = Γ2. 
We can now apply the argument in Step 1 of [14] (see also [4], [5],[26]) verba-
tim to our situation to conclude that there is a diffeomorphism F : (B(04, r0) \
{04})/Γ → BX(x∗, r0) \ {x∗} such that (F ◦ π)∗g extends to a C0 Riemann-
ian metric on B(04, r0), where π : R
4 → R4/Γ is the quotient map. Define
A(r1, r2) := B
X(x∗, r2) \BX(x∗, r1) and B∗ := BX(x∗, r0) \ {x∗}.
Claim:
∫
B∗ |Rm|2dg <∞.
In four dimensions, the curvature tensor Rm admits the orthogonal decomposi-
tion
Rm =
R
24
g ? g +
1
2
(
Rc− R
4
g
)
? g +W.
Because |R| ≤ A on R, the first term is bounded pointwise. We use the method
of [17] to estimate the second term. Fix β ∈ (0, 1),and let φ ∈ C∞c (A(βr0, r0))
be a cutoff function with |∇φ| ≤ C(n)βr0 on A(βr0, 2βr0), |∇φ| ≤ C(n)r0 on
A(12r0, 2r0), and φ = 1 on A(2βr0,
1
2r0). Then, setting E := supB(e
−f + |∇f |), we
get∫
B∗
|Rc|2φ2e−fdg =
∫
B∗
〈
1
2
g −∇2f,Rc
〉
φ2e−fdg
=C(A,E) +
∫
B∗
〈∇f, divf (φ2Rc)〉e−fdg
≤C(A,E) +
∫
B∗
2|∇f | · |∇φ| · φ|Rc|e−fdg
≤C(A,E) + 1
2
∫
B∗
|Rc|2φ2e−fdg + 2
∫
B∗
|∇f |2|∇φ|2e−fdg,
since divfRc = 0. Rearranging, we conclude∫
B∗
|Rc|2φ2e−fdg ≤C(A,E) + C(A,E, r0)β−2Volg(A(0, 2βr0))
≤C(A,E) + C(A,E, r0)β2.
Taking β → 0, we obtain ∫B∗ |Rc|2e−fdg <∞. Finally, to estimate the third term,
we further decompose W into the self-dual and anti-self-dual parts W±, and then
employ the strategy of [14]. Let A+ be the connection on the bundle Λ+ of self-dual
forms on R induced by the Levi-Civita connection of (R, g) (see [6] for definitions).
Then, because W+ is self-dual, (Rc − R4 g) ? g is anti-self-dual, and Λ+,Λ− are
orthogonal, we have∫
A(s,r)
(
|W+|2 + R
2
12
−
∣∣∣∣Rc− R4 g
∣∣∣∣2
)
dg =
∫
A(s,r)
tr(FA+ ∧ FA+),
but also∫
A(s,r)
tr(FA+ ∧ FA+) = CS(A+, ∂B(x∗, r)) − CS(A+, ∂B(x∗, s))(mod Z),
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where
CS(B,Σ) :=
1
8π2
∫
Σ
tr
(
dB ∧B + 2
3
B ∧B ∧B
)
∈ R/Z.
is the Chern-Simons invariant of a connection ∇ = d + B on a trivial bundle over
a 3-manifold Σ. Note that, on B∗, we have fixed trivialization of Λ+, so we can
identify connections on ∂B(x∗, r) with 1-forms in the above definition. However,
by the Cheeger-Gromov convergence of r−2g|∂B(x∗, r) to the round S3/Γ, we may
conclude that A+|∂B(x∗, r) converge (after pulling back by diffeomorphisms) to the
trivial flat connection on the self-dual 2-forms of (R4 \ {0})/Γ. By scale invariance,
CS(A+, ∂B(x
∗, r)) → 0 as r → 0, so we can choose r ∈ (0, r0] sufficiently small
such that |CS(A+, ∂B(x∗, s))| ≤ 18 mod Z for all s ∈ [0, r]. Because
s 7→
∫
A(s,r)
tr(FA+ ∧ FA+) ∈ [−
1
4
,
1
4
]
is continuous, we conclude that the integral is bounded uniformly for all s < r.
In particular, we can take s ց 0 to obtain ∫B∗ |W+|2dg < ∞, and the proof of∫
B∗ |W−|2dg <∞ is similar. 
We can now argue as in [7], [26], to conclude that in fact B∗ has the structure
of a C∞ orbifold at x∗. Note that, because we have bounds on f, |∇f | on B∗,the
only difference in our setting is that we must use the ǫ-regularity theorem that
is Theorem 1.2 of [16]. Also, note that R + |∇f |2 = f − W(g, f), |R| ≤ A, and
the quadratic growth of f imply that all critical points of f must occur in some
bounded set. On the other hand, any orbifold point of X must be a critical point:
if ϕ : R4/Γ ⊇ U → BX(x, δ) is an orbifold chart, and π : R4 → R4/Γ is the quotient
map, then ∇(π◦ϕ)∗g(π ◦ ϕ)∗f must be fixed by all of Γ, so must be the zero vector.
Since X \ R is discrete and bounded, it must be finite. 
Proof of Theorem 3. This is immediate from Theorem 24 and Theorem 1.2 of [1] .

8. Appendix
In this section, we give further details for the claim in Lemma 20 that
|BX(yi, αλ−1i ) ∩R|g ≥ (ωn − ǫi)(αλ−1i )4
for some sequence ǫi → 0. The main idea is to use the fact that, for i ∈ N sufficiently
large, (BX(yi, αλ
−1
i ), λid, yi) is arbitrarily close to a Euclidean ball in the pointed
Gromov-Hausdroff sense, and to then appeal to a volume convergence theorem for
Riemannian manifolds with integral Ricci lower bounds.
Observe that, by Lemma 6.1 of [4], we have
|Rc|g˜i(·, 0) ≤ C(A)(rg˜
i
Rm)
−1(·, 0),
so combining this with the integral estimate for the curvature scale (Theorem 1.7
of [1]) gives∫
B
g˜i
(xi,0,1)
|Rc|3(·, 0)dg˜i0 ≤
∫
B
g˜i
(xi,0,1)
(rg
i
Rm(·, 0))−3dg˜i0 ≤ C(A).
Note that we actually have a local Lp bound for Rc for any p < 4, and the following
arguments will work for any p ∈ (2, 4), but we choose p = 3 for convenience.
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LetH4d = H4 be the 4-dimensional Hausdorff measure on the metric space (X, d).
Because H4(X \ R) = 0, and because H4 agrees with the Riemannian volume
measure on any 4-dimensional Riemannian manifold (in particular, on R), we have
H4(S) = |S ∩R| for any subset S ⊆ X . Thus
H4λid(BX(yi, αλ−1i )) = λ4i |BX(yi, αλ−1i ) ∩R|g,
H4dZ (BZ(y∞, α)) = ωnαn.
We now restate the modification of Theorem 2.37 of [27] that we will be using.
Denote by |Rc−|(x) the absolute value of the smallest negative eigenvalue of Rc(x)
(if Rc(x) ≥ 0, then |Rc−| = 0).
Lemma 25. For any κ > 0, Λ < ∞, n ∈ N, and p > n, there exist r0 =
r0(n, p, κ,Λ, ǫ) > 0 such that the following holds. Suppose (M
n
i , gi, xi) is a se-
quence of complete Riemannian manifolds satisfying:
(i)
∫
B1(x)
|Rc−|pdµ ≤ Λ for all x ∈Mi,
(ii) Vol(Br(x)) ≥ κrn for all r ∈ (0, 1], x ∈M .
Assume that (Mni , gi, xi) converge in the pointed Gromov-Hausdorff sense to the
complete metric length space (X, d, p). Then, for any r ∈ (0, r0], we have
Hnd (Br(x)) = lim
i→∞
Vol(Br(xi)).
The difference between this lemma and Theorem 2.37 of [27] is that we only
require a local integral Ricci bound (i) rather than the global bound∫
M
|Rc−|pdµ ≤ Λ
assumed in [27]. However, in [27], the objects under consideration are time slices of
a normalized Ricci flow on a Fano 3-fold, which have uniformly bounded diameter.
The proof of Theorem 2.37 is stated to be a modification of volume convergence for
noncollapsed Riemannian manifolds with Ricci curvature bounded below, given in
[13, 9]. However, a careful examination of the proof shows that only the conditions
(i), (ii) are used, essentially due to the fact that the involved arguments are all
local.
The following elementary lemma is essentially a consequence of Lemma 22 and
a diagonal argument.
Lemma 26. Let (Xk, dk, pk) be a sequence of limit spaces as in Lemma 22, converg-
ing in the pointed Gromov-Hausdorff sense to (X,d,p), and suppose r ≤ r0(n, p, κ,Λ).
Then
Hn(Br(pk))→ Hn(Br(p)).
Proof. For each k ∈ N, let (Mk,i, gk,i, xk,i) be a sequence of complete, pointed Rie-
mannian manifolds satisfying (i), (ii) of Lemma 22, which converge in the pointed
Gromov-Hausdorff sense to (Xk, dk, xk) as i → ∞. Also let (Mi, gi, xi) be a se-
quence of such manifolds converging to (X, d, p) in the pointed Gromov-Hausdorff
sense. By Lemma 22, we know that
lim
i→∞
Volgk,i(Br(xk,i)) = Hn(Br(xk))
for each k ∈ N. Thus, for each k ∈ N, we can find i(k) ∈ N such that
|Volgk,i(k)(Br(xk,i(k)))−Hn(Br(xk))| ≤ 2−k,
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dGH((Bαkr(xk,i(k)), dgk,i(k) , xk,i(k)), (Bαkr(xk), dk, xk)) ≤ r2−k,
where αk → ∞. In particular, (Mk,i(k), gk,i(k), xk,i(k)) converge in the pointed
Gromov-Hausdorff sense to (X, d, p), so
|Volgk,i(k)(Br(xk,i(k)))−Hn(Br(x))| → 0.
Combining expressions gives the claim. 
After possibly shrinking α so that α < r0, we can apply the previous lemma to
(BX(yi, αλ
−1
i ), λid, yi)→ (BZ(y∞, α), dZ , y∞),
we conclude that
H4λid(BX(yi, αλ−1i )→ H4(BZ(y∞, α))
as i→∞. That is,
lim
i→∞
λ4i |BX(yi, αλ−1i ) ∩R| = ωnα4,
so the claim follows.
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